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Abstract 

Let S be a -s set of G. A subset ST   is said to be a forcing subset for S if S is the 

unique -s set containing T. The forcing star chromatic number  Sf
s

 of S in G is the 

minimum cardinality of a forcing subset for S. The forcing star chromatic number  Gf
s

 of G is 

the smallest forcing number of all -s sets of G. Some general properties satisfied by this 

concept are studied. The forcing star chromatic number of some standard graphs are 

determined. Connected graphs of order 2n  with star chromatic number 0 or 1 or  Gs  are 

characterized. 

1. Introduction 

By a graph  ,, EVG   we mean a finite, undirected connected graph 

without loops or multiple edges. The order and size of G are denoted by n and 

m respectively. For basic graph theoretic terminology, we refer to [1]. Two 

vertices u and v are said to be adjacent if uv  is an edge of G. If  ,GEuv   
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we say that u is a neighbor of v and denote by  ,vN  the set of neighbors of v. 

The degree of a vertex Vv   is     .deg vNv   A vertex v is said to be a 

universal vertex if   .1deg  nv  The distance  vud ,  between two vertices 

u and v in a connected graph G is the length of a shortest vu   path in G. An 

vu   path of length  vud ,  is called a vu   geodesic. A vertex x is said to lie 

on a vu   geodesic P if x is a vertex of P including the vertices u and v. The 

eccentricity  ve  of a vertex v in G is the maximum distance from v and a 

vertex of G.       .:,max GVuuvdve   The minimum eccentricity among 

the vertices of G is the radius, radG  or  Gr  and the maximum eccentricity 

is its diameter, .diamG  We denote  Grad  by r and diamG  by d. The 

diameter of a graph is the maximum distance between a pair of vertices of G. 

A double star is a tree with diameter 3. It is denoted by .,,2 srK  The 

vertex set of srK ,,2  where uv  is the internal edge of .,,2 srK  Therefore 

 ,,1,1,,2 uvKKK srsr   where the centre vertex of sK ,1  is u and the 

centre vertex of sK ,1  is v. Let  EVG ,  be a connected graph. We define 

the distance as the minimum length of path connecting vertices u and v in G, 

denoted by  ., vud  A k-coloring of G is a function    ,,2,1: kGVc   

where    vcuc   for any two adjacent vertices u and v in G. Thus, the 

coloring c induces a partition Q of  GV  into k color classes (independent 

sets) ,,,, 21 kCCC   where iC  is the set of all vertices colored by the color i 

for .1 ki   A p-vertex coloring of is an assignment of p colors, p,,2,1   to 

the vertices of G, the coloring is proper if no two distinct adjacent vertices 

have the same color. If   GpG ,  is said to be p-chromatic, where .kp   A 

set  GVC   is called chromatic set if C contains all vertices of distinct 

colors in G. The chromatic number of G is the minimum cardinality among all 

the chromatic sets of G. That is    ii CCG min  is a chromatic set of 

}.G  The concept of the chromatic number was studied in [1, 2, 7-9]. A star 

colouring of a graph G is proper colouring such that no path of length 4 is 

bicolourable. The minimum colours needed for a star coloring of G is called 

star chromatic number and is denoted by  .Gs  Let G be a star colourable. A 
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set  GVS   is called a star chromatic set if S contains all vertices of 

distinct colours in G. Any star chromatic set of order  Gs  is called a -s set 

of G. The concept of the star chromatic number was studied in [5, 6]. The 

chromatic number has application in Time Table Scheduling, Map coloring, 

channel assignment problem in radio technology, town planning, GSM mobile 

phone networks etc. [4, 7]. 

2. The Forcing Star Chromatic Number of a Graph 

Theorem 2.1. Let S be a -s set of G. A subset ST   is said to be a 

forcing subset for S if S is the unique -s set containing T. The forcing star 

chromatic number  Sf
s

 of S in G is the minimum cardinality of a forcing 

subset for S. The forcing star chromatic number  Sf
s

 of G is the smallest 

forcing number of all -s sets of G. 

Example 2.2. For the graph G given in Figure 2.1,  3211 ,, vvvS   and 

 4322 ,, vvvS   are the only two -s sets of G so that   .3G s  It is clear 

that     1,1 21   SfSf
ss

 so that   .1 Gf
s

 

 

Figure 2.1 

Observation 2.3. For every connected graph    .0, GGfG ss
    

Remark 2.4. The bounds in the Observation 2.3 are sharp. For the 

complete graph    GVSnKG n  ,2  is the unique -s set of G so that 

  .0 Gf
s

 For the graph G given in Figure 2.2,  ,,, 3211 vvvS   

 ,,, 6212 vvvS    ,,, 5313 vvvS    ,,, 6514 vvvS    ,,, 6545 vvvS   

 ,,, 4326 vvvS    ,,, 5437 vvvS   and  6438 ,, vvvS   such that 

  3 iSf
s

 and   3 Gs  for 1i  to 8 so that     .3 GGf ss
 Also the 
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bounds are strict. For the graph G given in Figure 2.1,     .1,3   GfG
ss  

Thus    .0 GGf ss
   

 

Figure 2.2 

Theorem 2.5. Let G be a connected graph. Then 

(a)   0 Gf
s

 if and only if G has a unique -s set. 

(b)   1 Gf
s

 if and only if G has at least two -s sets, one of which is a 

unique -s set containing one of its elements, and 

(c)    GGf ss
  if and only if no -s set of G is the unique -s set 

containing any of its proper subsets.  

Proof. (a) Let   .0 Gf
s

 Then, by definition,   0 Sf
s

 for some -s set 

S of G so that the empty set  is the minimum forcing subset for S. Since the 

empty set  is a subset of every set, it follows that S is the unique -s set of G. 

The converse is clear. 

(b) Let   .1 Gf
s

 Then by Theorem 2.5(a), G has at least two -s sets. 

Also, since   ,1 Gf
s

 there is a singleton subset T of a -s set S of G such 

that T is not a subset of any other -s set of G. Thus S is the unique -s set 

containing one of its elements. The converse is clear. 

 (c) Let    .GGf ss
  Then    GGf ss

  for every -s set S in G. 

Also, by Theorem 2.3,   2G s  and hence   .2 Gf
s

 Then by Theorem 

2.5(a), G has at least two -s sets and so the empty set  is not a forcing 

subset for any -s set of G. Since    ,GGf ss
  no proper subset of S is a 

forcing subset of S. Thus no -s set of G is the unique -s set containing any 
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of its proper subsets. Conversely, the data implies that G contains more than 

one -s set and no subset of any -s set S other than S is a forcing subset for 

S. Hence it follows that    .GGf ss
    

Definition 2.6. A vertex v of a graph G is said to be a star chromatic 

vertex of G if v belongs to every -s set of G.  

Example 2.7. For the graph G given in Figure 2.3,  ,,, 3211 vvvS   

 ,,, 4312 vvvS    ,,, 6313 vvvS    ,,, 5324 vvvS    5435 ,, vvvS   and 

 6536 ,, vvvS   are the only -s sets of G such that 3v  is a star chromatic 

vertex of G. 

 

Figure 2.3 

Theorem 2.8. Let G be a connected graph and W be the set of all star 

chromatic vertices of G. Then     .WGGf ss
  

Proof. Let S be any -s set of G. Then   SWSs  ,G  and S is the 

unique -s set containing .WS   Thus   WSWSGf
s

  

  .WGs     

In the following we determine the forcing star chromatic number of some 

standard graphs.  

Theorem 2.9. For the complete graph  .2 nKG n  Then   .0 Gf
s

  

Proof. Let  GVS   is the unique -s sets of G, the result follows from 

Theorem 2.5(a).   

Theorem 2.10. For the star graph     .1,3,1   GfnKG
sn   

Proof. Let  121 ,,,,  nvvvxV   be the vertex set of G where x is the 
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central vertex of G. Then    11,,  nivxS ii  is the -s set of G so 

that   .2G s  Since x is a star chromatic vertex of G, by Observation 2.8(c), 

  .112  Gf
s

 Since -,3 sn  set is not unique. Hence by Observation 

2.5 (b),   .1 Gf
s

  

 Theorem 2.11. For the double star graph   .3,,,2   GfKG
ssr  

 Proof. Let    sr uuuyvvvxV ,,,,,,,, 2121   be the vertex set of 

G such that  GEyuxyxv ji ,,  for all  ri 1  and  sj 1  where 

.2 nsr  Then  ivyxS ,,1   and    riuyxS j  1,,2  and 

 sj 1  are the only -s sets of G such that     321   SfSf
ss

 so that 

  .3 Gf
s

  

Theorem 2.12. For the complete bipartite graph  ,1, srKG sr   

 


 


.1

10

otherwise

srif
Gf

s
  

Proof. If ,1 sr  then the result follows from Theorem 2.9. For 

2,1  sr  then the result follows from Theorem 2.10. So let 

 rxxxX ,,, 21   and  syyyY ,,, 21   be the bipartite sets of G. Then 

  siyXS ii  2  is a -s set of G such that   1 iSf
s

 for all 

 si 2  so that   .1 Gf
s

   

Theorem 2.13. For the path    












 

.3

52

41

,4

otherwise

nif

nif

GfnPG
sn   

Proof. Let nP  be .,,, 21 nvvv   We consider the following cases. 

Case (i) .2,3  rrn   

Assign       ,3,13,,5,2,2,13,,4,1,1  kji vCrjvCrivC   

.3,,6,3 rk   Then  kjiijk vvvS ,,  is a -s set of G such                        

that   3 ijks S  for  ,6,3,13,,3,2,23,,4,1,,  krjrikji   



THE FORCING STAR CHROMATIC NUMBER …  

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022 

1235 

r3,  so that   .3 Gs  By Observation 2.3,   .30   Gf
s

 Since -s set 

of G is not unique   .1 Gf
s

 It is easily verified that no singleton subsets or 

two element subsets of ijkS  for all  ,23,,4,1,,  rikji   

rkrj 3,,6,3,13,4,1   is not a forcing subset of ijkS  so that 

  .3 ijkSf
s

 Since this is true for all -s set ijkS  for all 

    .1,3,,6,3,13,,3,2,23,,4,1,,   Gfrkrjrikji
s

   

Case (ii) .1,13  rrn  

Assign       ,3,13,,5,2,2,13,,4,1,1  kji vCrjvCrivC   

.3,,6,3 rk   For  3211 ,,,1 vvvSr   and  4322 ,, vvvS   are          

the only two -s sets of G such that     1SS 21  ss  and                           

so     .1,1G   Gf
ss  Let .2r  Then  kjiijk vvvS ,,  and 

 kriijk vvvS ,, 13   are the only -s sets of G such that  ijks S  

  3 ijks S  for  rkrjrikji 3,,6,3,13,,3,2,13,,4,1,,    

so that   .3 Gs  By Observation 2.3,   .30   Gf
s

 Since -s set of G is 

not unique   .1 Gf
s

 It is easily verified that no singleton subsets or two 

element subsets of ijkS  for all  ,13,,5,213,,4,1,,  rjrikji   

rk 3,,6,3   is not a forcing subset of ijkS  so that   .3 ijkSf
s

 Similarly 

no singleton subsets or two element subsets of ikS  for all 

 rkriki 3,,6,3,13,,4,1,    is not a forcing subset of ikS  so that 

  .3 ikSf
s

 Since this is true for all -s sets ijkS  and ikS  for all 

    .3,3,,6,3,13,,3,2,13,,4,1,,   Gfrkrjrikji
s

    

Case (iii) .1,23  rrn  

Assign       ,3,23,,5,2,2,13,,4,1,1  kji vCrjvCrivC   

.3,,6,3 rk   For    53123211 ,,,,,,1 vvvSvvvSr   and  ,,, 4323 vvvS   

 5434 ,, vvvS   are the -s sets of G such that   .2 Gf
s

 Let .2r  Then 

       23132313 ,,,,,,,,,,,   rriirjiijkriikkjiijk vvvSvvvSvvvSvvvS

are the only -s sets of G such that         3 ijsiksijksijks SSSS   
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 for all  rkrjrikji 3,,6,3,23,,5,2,13,,4,1,,    so that 

  .3 Gs  By Observation 2.3,   .30   Gf
s

 Since -s set of G is not 

unique   .1 Gf
s

 It is easily verified that no singleton subsets or two 

element subsets of ijkS  for all  ,,5,2,13,,4,1,,   jrikji   

rkr 3,,6,3,23   is not a forcing subset of ijkS  so that   .3 ijkSf
s

 

Similarly no singleton subsets or two element subsets of ikS  for all 

 rkriki 3,,6,3,13,,4,1,    is not a forcing subset of ikS  so that 

  .3 ijkSf
s

 Similarly no singleton or two element subsets of ijS  for all 

 23,,5,2,13,,4,1,  rjriji   is not a forcing subset of ijS  so 

that   .3 ijSf
s

 Similarly no singleton subsets or two element subsets of iS  

for all  13,,4,1  rii   is not a forcing subset of iS  so that   .3 iSf
s

 

Since this is true for all -s sets iijikijk SSSS ,,,  for all 

    .3,3,,6,3,23,,3,2,13,,4,1   Gfrkrjri
s

   

Theorem 2.14. For the cycle    














 

.63

52

40

,4

nif

nif

nif

GfnCG
sn  

Proof. The proof is similar to that of Theorem 2.13.   

Theorem 2.15. Let G be a connected graph of order 2n  with 

  .1 nG  Let v be a universal vertex of G. Then v is a star chromatic 

vertex of G.  

Proof. On the contrary, suppose that v is not a star chromatic vertex of 

G. Then there exists a -s set S of G such that .Sv   It follows that there 

exists at least one vertex, say Sx   such that  .GEvx   Hence it follows 

that v is not a universal vertex of G, which is a contradiction. Therefore v is a 

star chromatic vertex of G.  

Theorem 2.16. Let G be a connected graph of order 2n  with 

  .1 nG  Then   .0 Gf
s

 

Proof. Let v be a vertex of G such that   .1deg  nv  Since any induced 

paths 4P  is not bicolor able, assign each vertex of G with distinct colours. 
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Hence it follows that  GVS   is the unique -s set of G. Therefore 

  .0 Gf
s

  

Corollary 2.17. Let     .0,411   GfnPKG
sn  

Corollary 2.18. Let     .0,411   GfnCKG
sn  

Theorem 2.19. For every positive integers ,3a  there exists a connected 

graph G such that     .aGfG
ss    

Proof. Let  aiuuuP iaiiia 1,,:: 21   be a copy of path on a 

vertices. Let G be the graph obtained from  aiPia 1  by joining the edges 

iju  with iku  where 2 kj  for all  ai 1  and join iju  with kru  for 

all  .,,,,1 rjarkji   The graph G is shown in Figure 2.4.  

First we prove that   .aGs   Since 1iu  is adjacent to iju  for ai 1  

and ,1 aj   assign   .11 iuc  Since 2iu  is adjacent to iju  for ai 1  

and ,1 aj   assign   .22 iuc  Similarly iau  is adjacent to iju  for 

ai 1  and ,1 aj   assign   .auc ia   Since no path with four vertex is 

bicolourable,   .aGs   

Next we prove that   .aGf
s

  It is easily seen that any -s set of G is of 

the form  iaiii uuuS ,,, 21   for .1 ai   On the contrary suppose that 

  .aGf
s

  Then there exists a -s set say 1S  with a proper subset T of 1S  

such that .aT   Then there exists 1Sx   such that .Tx   Without loss 

of generality, let .11ux   Let    .21111 uuSSi   Then iS  is a -s set of 

G with 1ST   which is a contradiction. Therefore   .aGf
s

   

 

Figure 2.4 



R. SUGANYA and V. SUJIN FLOWER 

Advances and Applications in Mathematical Sciences, Volume 21, Issue 3, January 2022 

1238 

References 

 [1] I. Asmiati, Ketut Sadha Gunce Yana and Lyra Yulianti, On the locating chromatic 

number of certain barbell graphs, International Journal of Mathematics and 

Mathematical Sciences, (2018), Article ID 5327504, https://doi.org/10.1155/2018/5327504.  

 [2] S. Beulah Samli, J. John and S. Robinson Chellathurai, The double geo chromatic 

number of a graph, Bulletin of the International Mathematical Virtual Institute 11(1) 

(2021), 25-38.  

 [3] F. Buckley and F. Harary, Distance in Graph, Addition-Wesley-wood city, CA (1990).  

 [4] S. Butenko, P. Festa and P. M. Pardalos, On the chromatic number of graphs, Journal of 

Optimization Theory and Applications 109(1) (2001), 69-83.  

 [5] Dezheng Xie, Huanhuan Xiao and Zhihong Zhao, Star coloring of cubic graphs, 

Information Processing Letters 114(12) (2014), 689-691.  

 [6] Guillaume Fertin, Andre Raspaud and Bruce Reed, Star coloring of graphs, Journal of 

Graph Theory 47(3) (2004), 163-182. 

 [7] Geir Agnarsson and R. Greenlaw, Graph Theory: Modeling, Application and Algorithms, 

Pearson, (2007).  

 [8] M. Mohammed Abdul Khayoom and P. Arul Paul Sudhahar, Monophonic chromatic 

parameter in a connected graph, International Journal of Mathematical Analysis 11(19) 

(2017), 911-920. 

 [9] Piotr Formanowicz and Krzysztof Tanas, A survey of graph coloring - its types, methods 

and applications, Foundations of Computing and Decision Sciences 37(3) (2012), DOI: 

https://doi.org/10.2478/ v10209-011-0012-y. 


